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We have investigated the far-infrared response of quantum dots in modulation doped GaAs het-
erostructures. We observe novel modes at frequencies below the center-of-mass Kohn mode. Com-
parison with Hartree-RPA calculations show that these modes arise from the flattened potential
in our field-effect confined quantum dots. They reflect pronounced relative motion of the charge
density with respect to the center-of-mass.
PACS numbers: 71.45.Gm,78.55.Cr,78.66.-w
According to the generalized Kohn’s theorem the far-
infrared (FIR) response of a quantum dot with parabolic
external potential in a magnetic field B consists, inde-
pendent of the number of electrons in the quantum dot,
of only two modes with dispersion:[1]
ω± =
√
Ω20 + (ωc/2)
2 ± ωc/2. (1)
Here Ω0 describes the external potential, ωc = eB/m
∗
is the cyclotron frequency, m∗ the effective mass. One
mode, ω+, increases with increasing magnetic field and
approaches the cyclotron frequency ωc, the other mode,
ω−, decreases in frequency with decreasing magnetic
field. Both modes represent rigid center-of-mass motion
of all electrons in the dot. This behavior is actually very
often observed in experiments on quantum dots which
are prepared from semiconductor heterostructures.[2, 3]
The reason being the electrostatic environment causing
the external potential to have a nearly perfect parabolic
shape. In other experiments, in particular on etched
quantum dots with a larger number of electrons and a
more hard-wall type of external potential, one observes
additional sets of modes at higher frequencies (see for ex-
ample Ref.4). Such a mode spectrum can be calculated
using a mean field approach and random phase approx-
imation (RPA).[5] They can be visualized in terms of
‘confined’ plasmon modes, for example in the model of
Fetter [6] (See also below for details).
We have performed experiments on field-effect-
confined quantum dots in AlGaAs/GaAs-hetero-
structures. We find in FIR experiments additional
modes below the high-frequency Kohn mode, ω+, which
are, however, definitely higher than ωc. The cyclotron
resonance itself is not observed for these isolated
dots. We compare our experiments with self-consistent
Hartree calculations. From this comparison we find
that the new modes arise from the flattened external
potential in our field-effect-induced quantum-dot array.
Our calculation shows that this new mode represents a
dipole active charge-density oscillation involving strong
relative motion of the electrons with respect to the
center-of-mass.
Quantum-dot arrays were prepared from modulation-
doped Al0.33Ga0.67Al-GaAs heterostructures with a het-
erostructure interface-to-surface distance of 55 nm. A Si-
δ doped layer was grown 300 nm underneath the AlGaAs-
GaAs interface and served as a backgate to charge the
quantum dots. The sample design is sketched in the in-
set of Fig. 1. The electron density and mobility at 1.8
K were NS = 3.8 · 10
11 cm−2 and µ = 300 000 cm2/Vs,
respectively. A photoresist-dot array was prepared by
holographic lithography onto the sample surface with a
period of a = 330 nm, the diameter of the photoresist
dots was 150 nm and the height about 170 nm. A 7 nm
semitransparent Ti gate with 3 mm diameter was evap-
orated onto the photoresist dot array. The gate voltage
was applied between the topgate and the δ-doped back-
gate. The latter was contacted outside the active mesa
where the AlGaAs-GaAs was removed by wet etching.
The experiments were performed in a superconducting
magnet cryostat connected by wave guides to a Fourier
transform spectrometer. We show in the following the
normalized transmission T (VG)/T (VT ), where VT is the
threshold value at which the electron system is totally de-
pleted. The spectral resolution was set to 1 cm−1. The
temperature was 1.8 K.
Experimental spectra for a dot array with N = 30 elec-
trons per dot are shown in Fig. 1. This electron number
N can be determined from the known oscillator strength
at high magnetic fields (B = 8 T in our case), see for
example Refs.2 and 3. Spectra taken at small magnetic
fields are displayed in Fig. 1(a). For B = 0 T one res-
onance is observed which splits into two modes with in-
creasing magnetic field. One mode increases with in-
creasing B, the other decreases. This behavior can be
well understood by the rigid center-of-mass motion of
the electrons in the dot described in the introduction.
In Fig. 1(b) we find for higher magnetic fields clearly an
additional resonance below the dominant ω+ mode. At
smaller B in the regime from 1.5 T to 3.5 T this addi-
tional feature at the low-energy side of the ω+ mode is
very broad and might consist of one or more resonances.
At higher magnetic fields B ≥ 4.5 T clearly a double-
peak structure is observed, i.e., one mode in addition to
2the ω+ mode. For the lower mode we notice that it in-
creases faster in frequency than the higher mode (i.e.,
they are not parallel) and that its resonance half width
decreases with B. Figure 1(c) shows spectra of the same
sample at a gate voltage where we have 6 electrons per
dot. Here again we observe, at high magnetic fields, a dis-
tinct double-peak structure where the energetically lower
mode increases more rapidly in frequency with increasing
B. Since the behavior of the additional resonance is qual-
itatively the same for 30 and for 6 electrons we conclude
that it is an intrinsic property of the electron system for
our potential that does not depend significantly, at least
at larger B, on the electron number.
The magnetic-field dispersions extracted from the
spectra are plotted in Fig. 2. We have fitted the
lower branch and the sharper high-frequency branch with
the dispersion expected from the Kohn theorem for a
parabolic external potential according to eq. (1). From
this equation we can also determine ωc. The cyclotron
resonance itself is, as expected for isolated dots, not ob-
served. The new mode has a frequency, which is defi-
nitely larger than ωc. The observation of a new mode,
in addition to the Kohn modes, implies that the external
potential is not parabolic. Actually, since the external
potential is formed by the field effect of our modulated
gate, we expect that it should be flattened at higher en-
ergies were it eventually overlaps with the neighboring
dots of the array.
To confirm this explanation and to get a deeper mi-
croscopic insight into this new type of excitation we have
performed self-consistent Hartree calculations for differ-
ently shaped potentials and calculated the dynamic re-
sponse within the RPA. The details of the applied for-
malism have been described in a previous publication.[7]
We have modeled an external potential, with a soft bot-
tom and a step that flattens for higher energy, by the
expression
V (x) = ax2 + bx4 +W (x), (2)
where x = r/a∗0 is the radial coordinate scaled by the
effective Bohr radius a∗0 = 9.77 nm in GaAs and
W (x) = c [1− f (3.9x− 12)] , (3)
with f(x) = 1/(exp(x) + 1). This potential for a = 0.48
meV, b = −1.8×10−3 meV, and c = 6 meV will be shown
later in Fig. 5. The calculated FIR absorption is plotted
in a 3D plot in Fig. 3. The dispersions of modes with
an oscillator strength larger than 10−18 on the scale of
Fig. 3 is plotted in Fig. 4. We see from these figures that
the absorption is dominated by the strong Kohn modes.
In the regime between 1 to 2 T we have obtained in
the calculation a very complex mode spectrum. In this
regime interaction with Bernstein modes occurs which
has been extensively discussed previously.[7] We will not
elaborate on this here. We note that indeed also the
experimental dispersion, see Fig. 2(b) at small B, shows a
complex mode spectrum which seems to be very sensitive
on the electron number, in particular whether or not we
have partially or completely filled shells, and on the shape
of the potential. So it is very hard to develop a detailed
picture here. However, with increasing magnetic field the
new mode is clearly resolved both in the experiment and
the calculation. To get a microscopic insight into this new
mode we have calculated in Fig. 5 the equilibrium density
and the induced density. The latter is the density induced
by the FIR dipole field in a certain moment of time. The
induced density for the ω+ and ω− modes shows indeed
a nearly perfect rigid displacement which justifies that
we call these modes still ‘Kohn modes’. However, the
new mode represents a complex charge oscillation with
several nodes. This is clearly an internal relative motion
of the involved electrons.
In many other experiments, in particular on quan-
tum dots defined in etched structures, also additional
modes have been observed, however, with frequencies
higher than the ω+ Kohn mode (see for example Ref.4).
They follow approximately the dispersion given by the
model of Fetter[6], who finds for a circular disk of a two-
dimensional electron system (2DES) with density NS :
ωi± =
√
Ω20i + (ωc/2)
2 ± ωc/2. (4)
with
Ω20i =
NSe
2
2ǫ¯ǫ0m∗
·
i
R
, i = 1, 2, 3, . . . (5)
where R is the radius of the disk and ǫ¯ the effective di-
electric function of the surrounding media.
These modes might be visualized in the model of ‘con-
fined’ plasmons. Actually, if one looks into the calculated
absorption in Fig. 3, one sees, very faintly, but clearly re-
solved on an enlarged scale, modes which start at about
8 meV at B = 0 and split with increasing B, as expected
from eq. (4) and (5). Obviously, both experiments and
calculations show that such excitations are very weak in
potential with a flattened profile. We have also calcu-
lated the induced density for these ‘confined’ plasmons,
see Fig. 5(d). This mode of course also involves relative
electron motion. However, this motion is different from
the one of the new mode, with 9.27 meV in Fig. 5(b), it
has additional nodes in the lower part of the flanks.
We have calculated the absorption strengths for several
differently shaped potentials in order to understand un-
der which conditions pronounced low-frequency modes or
high-frequency ‘confined’ plasmon modes occur. We have
calculated the FIR absorption for a potential V (r) =
ar2 + br4 with a large value of b = 1.46 × 10−2 meV.
We find that such a potential produces, except for cou-
pling with Bernstein modes, nearly only the two Kohn
modes, no lower frequency mode and extremely weakly
the higher-frequency ‘confined’ plasmon modes. It was
already pointed out by Ye and Zaremba [8] that the ob-
servation of only the Kohn modes is not a good test to
rule out r4 terms in the potential. We have also per-
formed calculations for our potential with a steeper step,
3c = 18 meV in eq.(3). For 5 and 6 electrons we find
stronger high frequency modes, but also very pronounced
below-Kohn modes. From the experimental experience
it seems to be necessary to have a quantum dot with a
larger number of electrons, which usually requires also a
dot of larger size, to observe the higher frequency ‘con-
fined’ plasmons. One reason of course is that, since the
intensity of these modes is very weak, for example 0.03
of the Kohn mode in Ref.4, one needs a large number of
electrons to have enough signal strength to observe these
resonances. Under these conditions one has, at least so
far, not observed the below-Kohn mode. Perhaps, the
large number of electrons has then changed the electro-
static environment of the dots in a way that does not
allow the formation of these modes.
Finally we would like to discuss an additional interest-
ing finding for the new mode. In the upper panel of Fig. 6
we show the resonance positions extracted from spectra
taken at a fixed magnetic field B = 8 T for different gate
voltages. In the lower panel we have plotted the relative
absorption strength, Si/(S1+S2), i = 1,2, where S1 and
S2 are the integrated experimental absorption strengths
of, respectively, the upper and lower mode. At VG = 0
we have a continuous 2DES and observe the cyclotron
resonance at the frequency ωc and additionally a magne-
toplasmon resonance at a slightly higher frequency. Also
at VG = 0, we have a small density modulation of the
2DES with period a. Due to the grating-coupler effect
of this periodic modulation, 2D plasmons with wave vec-
tor q = 2π/a are excited. With decreasing gate voltage
and correspondingly decreasing averaged 2D density the
plasmon frequency decreases. In the regime from VG =
-0.5 V to -0.25 V the dispersion undergoes several an-
ticrossing with Bernstein modes. At about -0.55 V the
dispersion increases again. Here isolated dots are formed
and the resonance develops into the Kohn mode of the
quantum dot. At the same time, the cyclotron resonance
increases in frequency and, interestingly, develops into
the new below-Kohn mode that we have discussed here.
So in this interpretation one could say that the below-
Kohn mode has its origin in the cyclotron resonance.
However, one can interpret the disperion also in the fol-
lowing way. The high-frequency 2D plasmon undergoes,
with decreasing gate voltage, an anticrossing with the in-
creasing cyclotron resonance which develops, in this pic-
ture, into the Kohn mode. This picture is supported by
the observation that the high oscillator strength of the
lower-frequency cyclotron resonance is transferred to the
high-frequency Kohn mode. Such an transfer of oscillator
strength is typical for an anticrossing behavior.
Although, we want to be cautious in drawing a conclu-
sive interpretation concerning the character of the below-
Kohn mode from the interesting gate voltage dependence
in Fig. 6, there are other experimental findings support-
ing the anticrossing hypothesis for the data in Fig 6: At
high magnetic fields the induced density of the new mode
(Fig. 5b) is reminiscent of that of the first confined plas-
mon in an electron slab with hard boundaries;[9] The
dipole moment originates essentially from the portion of
the density distribution in the center part of the dot just
before the steeper edges. The induced density that is
relevant to the restoring force is therefore sampling an
average potential curvature of the dot near the center.
In contrast to this, the Kohn mode is sampling an aver-
age potential curvature that includes the edges, leading
to a higher energy.
In summary, we have investigated field-effect-confined
quantum-dot arrays. We find new modes below the ω+
Kohn mode. From comparison with Hartree-RPA calcu-
lations we can trace the origin of this excitation back to
the flattened potential in this field-effect-confined quan-
tum dots. We show that microscopically this excita-
tion involves a complex relative motion of the electrons
in the dot. Interestingly, related phenomenons have
been reported in the far-infrared absorption in a non-
parabolic one-dimensional quantum well wire with steep
edge boundaries.[10]
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FIG. 1: Normalized transmission spectra for different mag-
netic fields B. The spectra are shifted vertically for clarity.
The arrows indicate the resonance frequency plotted in Fig. 2.
At VG = -0.7 V in (a) and (b) we have 30 electrons per dot,
at VG = -0.83 V in (c) 6 electrons. The inset sketches the
design of the sample.
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FIG. 2: Experimental dispersion for quantum dots with (a)
30 electrons and (b) 6 electrons. Full lines are fits with the
Kohn modes eq.(1), the dotted lines are ωc and 2ωc extracted
from this fit. A new mode, the below-Kohn mode, is observed
below the upper Kohn mode but clearly above ωc.
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FIG. 3: Calculated dipole absorption for a quantum dot with
5 electrons in a flattened potential described in the text. In
addition to the strong Kohn modes new modes below the
high-frequency Kohn mode are found also in the calculation.
The half-linewidth is 0.3 meV and T = 1 K.
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FIG. 4: Calculated dispersion for a quantum dot with 5 elec-
trons and the flattened potential described in the text. Only
resonances with an oscillator strength larger than 10−18 on
the scale of Fig. 3 are plotted. For certain frequencies at B
= 5 T, marked by arrows, the induced density is calculated
in Fig. 5. The half-linewidth is 0.3 meV and T = 1 K. One
circular polarization is marked by + and the other by x. The
lines E = h¯ωc and E = 2h¯ωc are indicated in the figure to-
gether with curves showing the Kohn modes for h¯Ω0 = 3.4
meV.
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FIG. 5: Equilibrium density (full curves) and induced density
(dotted, dashed) for two different moments in time with a
phase difference of pi. The low-frequency Kohn mode in (a)
and the high-frequency Kohn mode in (c) represent a nearly
perfect center-of-mass motion. The below-Kohn mode in (b)
and the high-frequency ‘confined’ plasmon mode in (d) involve
relative electron motion with several nodes. (e) shows the
different potentials used in this paper. Full curve: added r4-
term, in eq. 2: a = 0.48 meV, b = 14.4 × 10−3 meV, c = 0,
dashed curve: a = 0.48 meV, b = −1.8 × 10−3 meV, c = 6
meV, dotted line: a = 0.48 meV, b = −1.8×10−3 meV, c = 18
meV.
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FIG. 6: Experimental resonance positions at fixed magnetic
field B = 8 T versus gate voltages. From VG = 0 to VG =
-0.8 V the electron system develops from a density-modulated
electron system (right shaded regime) into isolated quantum
dots (left shaded regime). In the lower panel we plot the
relative absorption strengths of the upper (empty symbols)
and lower mode (full symbols).
